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FRACTIONAL MATCHINGS AND COVERS 
IN INFINITE HYPERGRAPHS 

RON AHARONI 

R e c e i v e d  15 D e c e m b e r  1984 

A strong version of the duality theorem of linear programming is proved for fractional covers 
and matchings in countable graphs. It is conjectured to hold for general hypergraphs. In Section 2 
we show that in countable hypergraphs there does not necessarily exist a maximal matchable set, 
contrary to the situation in graphs. 

1. Fractional matehings and covers 

Let H = ( V ,  E) be a hypergraph (finite or infinite). A fractional cover of 
H is a function f :  V ~ R  satisfying z~{f(v): vEe}_~l for every eEE. A frac- 
tional matching is a function g: E ~ R  satisfying ~ {g(e): vEe}<=l for every vEV. 
If the range o f f ( o r  g) is contained in {0, 1} it is called simply a co~'er (or matching, 
respectively), and then we refer also to the set {v: f(v)-- 1 } as a cover and to the 
set {e: g (e )= l}  as a matching. 

Given a fractional cover f and a fractional matching g there holds: 

(1) ~Zf(v)  ~ ~ ~_~f(v)g(e) ~_ ~ g(e). 
oEV eEE vEe eEE 

For finite H,  by the duality theorem of linear programming there exist a fractional 
cover f and a fractional matching g such that 

(2) ~ '  f(v) = ~ '  g(e). 
vEV eEE 

By (1) this implies the so called "complementary slackness conditions"" 

(3a) f(v) ~ 0 implies . ~  g(e) = 1 

(3b) g(e) ~ 0 implies y~ f(v) = 1. 
vEe 

AMS subject classification (1980): 03 E 05; 04 A 05, 04 A 20. 
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Conditions (2) and (3) are equivalent for: finite: hypergraphs, but not for 
infinite hypergraphs. While (2) can easily be shown fo rany  hypergraph, we cannot 
prove the stronger condition (3), and we state it as a conjecture. 

Conjecture. In any hypergraph there exist a fractional co~'er f and a.~'actional match- 
ing g satisfying (3). 

Here we prove the conjecture for countable graphs, in a slightly stronger 
t\~rm. For finite graphs this is known as the  "tw0-matching theorem" (see [1]). 

Theorem. Let G=(V, E) be a countable graph. There exist a h'actional coeer 
f :  V~{0, I/2, 1} and a fractional matchi~ g: E~{0,  1/2, 1} satisfying (3). 

For the proof of the theorem we need a few preliminaries. Given any set A, 
a subset K of AXA (unordered pairs), an element a of A and a subset B of A, we 
denote by K(a) the set {xCA" {a,x}EK}, by K(a) the only element of K(a) if 
IK(a)l=l ,  and by K[B] the setU {K(b): bEB}. A matching in a ~ a p h  G=(V,E) 
i.a a subset I of E such that ]l(v)[<~l for every vEV. We write s(1)=l[V]. For 
Xc=V let l tX=IA(XXV) .  A cover is a subset C of V such that E ~ C X V ,  (Note 
that this agrees with earlier definitions). 

Let F = ( W ,  F) be a bipartite graph with bipartition ~V=PUQ. A Subset 
C of P is called critical if there exist a matching I in F with s(1) =D C, but for every 
matching I such that s(I)D=C and I ~ C × V  there holds I[C]=F[C]. The follow- 
ing is a basic fact about matchability in countable bipartite graphs: 

Theorem PS [2]. I f  F = ( W ,  F) is countable, bipartite with bipartition W=PUQ 
then there e.rists a matching I with pC=s(1) i f  and only (f  there does not exist a 
critical subset C of  P and an element a o f  P~C such that F(a) c= F[C]. l 

Proof of Theorem. Form a bipartite :grapti -F=(V"U V ' ,  F) where .V '=  {v': 
• t t p  f t'~V}, V"={v" vEV}, and X = { { u , ,  }: {u,v}EE}.. For any subset W of V 

write W ' = { w ' :  wEIV}, W"={w': w-CW}. Let C '  be a maximal critical subset of 
V' (by containment). It is easy to see, by Zorn's Lemma, that a maximal critical set 
always exists (see [2, Lemma 1]). Let I be a matching of C '  and write X'=I[C']= 
=F[C ' ] .  Let B'={v 'EV ' \C ' :  F(v')~X'},  A ' = V ' \ B ' \ C "  and let F be the 
subgraph of F spanned by A ' O ( V " \ X ' ) .  By the maximaiity of C" the side A" 
contains :no nonempty critical set in F, and :by: the  definition o f  A '  for no : a'EA" 
does there hold F(a')=~3. Hence, by Theorem .PS. there exists a matching J in /~ 
with s(J) D= A'. We can regard J as a matching in F. By the criticality of  C" and by 
the definitions of A" and B '  the set A'UX'2 i s  a cover in F. 

Lemma. I f  vgEX" and I(Vg)=V~ and v~'EX" then voEC'. 

Proof. Suppose that . . . .  J' ' ' z0¢C.  Let v.,=I(vl). Since v0~C" we have v2¢vo. Since 
t t t t  , "  t • A' " {vz, v~'}E F also {v~, v~}E~, and since UX:: is a cover in F and vi~A it fol- 

~¢! I t  • /P ' lows that ~,~EX . Thus v3=I(z'z) i+- defined. By the same argument as above 
v~'EX" and v~=l(v'3") is defined and v'4~v o. Continuing in this way we obtain a 

" " " " " C '  11 I ~  / /  • 

sequence v~, 0=t<o~ of  dzst~tact vertices such that r~q~=I(v~) and v~EX for 
every t~O. Let H = / ~ { { v , , v , + . } :  0=,<co}U{{v,,  v,+,}: 0=t<og}. Clearly H 
is a matching, s (H)~C ' -and  vff~F[C']\H[C']_ This contradicts the criticality 
o fC ' .  II 
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Let T~e{xEV: x'<X" andx '~C'] .  Let r0ET t and define /.j"=/0.0).'" 
By the Lemma " "" A' v , ~ X  Since U X "  is a cover in F and {v0, v['}EF it follows 

,*1 , i  i !  i t that v~EA'. Assume that  t~Es.(J), and let z 2 = J ( q ) .  Then v.,.EA. Since 
{v~, v~}EF and A'UX" i s a  cover in F a n d  r~(fA' it follows that v~'CzX". Let 
. . . .  . . . .  =g (v2)  satisfies, by the va=l(v~). By the Lemma ~a, , and if ~a(s(J )  then q 

same argument as above, v~'EX". In this way a sequence v;, 0<=i, is generated, 
t , t ,  l f , l l  such that ~:,,tEA, vgEX , c).k+l=l(r~) and z: .a~=J(~-0.  Suppose, if possible, 

that this sequence is infinite. Define l '~(r '~+0=r~+. ,  for k = 0 ,  1 . . . .  and l * ( x ' ) =  
= I ( x ' )  for any other x'(C' .  Then I ~ is a matching satisfying s ( l * ) ~ C '  and 
c'o'(F[C']\I*[C" ], contradicting the criticality of  C'.  

Thus the sequence :q is finite. Wriling w with w"=J(r£) ,  one case in which 
this could possibly occur is that " " J (v . ,~ .0=l ,  for some k=>0. But then {r2k+l, 

! ~7 " o ,',' w"}(F, and since ~:.,~+t,¢A and w ~.¥ this contradicts the fact that A'UX" 
is a cover. The only possibility remaining is that *'~k+t{s(.l) for some k-=-0. Define 
then Sl(r,)={v,,i:  O>i~k} and 

(4) J(v~,i) = vC;i+l, (0 _ i :- k). 

Let T.,={xEV: x'qA' and x"~s(1UJ)}. Let c0ET e and let r~_'=.l(,.£). 
Since {v;, r;'}¢ F.. and ,=*"~.,'v",~ is a cover in F and r~'~.¥" it follows that q(q A'. 
Let r~'=J(v~). By the same argument c.a(A'," and thus Ca=J02)  is defined. In 
this way a sequence r~, O~i<~o is generated such that c~'+~=J(v[) for any 
O~i<(o. Define S.,_(r,,)={rei+l: 0;~i<(o} and J(c'.,~+O=r': i for every ()_~i<~,). 

Let now 

a,t = {sl0-): , -<TdU u {s.,(v): 

or 

(i.e. M is obtained from 1 UJ by replacing {u,J(u)} by {u, J(u)} whenever J(,,) is 
defined). It is easy to check that M is still a matching in F. 

Define 12: V'UV"~{O,I/2} by 17(I)=1/2 if tEA'UX", h ( t ) = 0  other- 
wise. Also define I: F~{0,1 /2}  by I( f)=l/2 if fEM, I ( F ) = 0  otherwise. Let 
now /': V+{0,  1/2. 1} and g: E - { 0 ,  1/2, 1} be defined by f(z,)=h(v')+h(r") and 

/ / i /P 1¢ g({u,'~'})=l({u',v"})+l({u',, i)- If  e={u , , ' }EE then both {u,t ,  } and {u ,,,'} 
are in F, and hence at least one o fu ' .  z'" is in the cover A'UX" of  F, and so is at 
least one of , t ' ,  2,'. Thus at least two of  z/. u ' ,  c', ,'" are in A'U X ' ,  hence f ( u ) + . / ( r ) =  
=h(u')+h(u")+h(v')+h(v")>l, showing that f is a fractional cover. If  ccV then 

• - 1 X )  X (e) = 2 7 . / ( / ) +  Z / ( t )  = 2 7  
ce t ' . f  " v " c t "  " , , ' ( j ' < , ~ t  ~ c " ~ : ' ~ t . I  2 ' 

and since M is a matching in F we have ~ ' { g ( e ) :  r ( e } < - : l ,  showing that g is a 
fractional matching. 

Let us show that f and g satisfy (3). Suppose that ./'(v)~0. ]-hen either 
~/EA' or c " (X" .  Consider first the case r 'EA'. I_.et M(v ' )=u" .  Then {u',v"}EF 
and hence either u'EA' or c"(X". If c " ( X "  then both v' and v" belong to s(M). 
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implying ~Y {g(e): vEe}=l,  which is (3a). If  v"¢X" and u'EA" then by the defini- 
tion of  T2 and ] t he r e  holds v"Es(Y)C=s(M) again proving (3a). 

Assume now that v"(X". Let u'=I(v"). Since {v',u"}£F either u"EX" 
or v'EA', f f  td'qX" then, by the Lemma, v'EC', hence v'~s(M), and since also 
v"Es(M) there holds Z.{g(e): vEe}=l ,  i.e. (3a). I f  v'EA' then v'Es(M), again 
implying (3a). 

To show (3b) let e={u, v}EE be such that g(e)#O. Then either {u', v"}EM 
or {v', u"}EM, and by symmetry we may assume the first. Suppose first that 
{u',v"}EL so that v"EX". If  z~{f(v): vEe}>l  then there must hold: u"EX" 
and v'Ed'. But this is impossible, by the Lemma. Assume now that {u', v"}EM'NL 

. tt t t  Then u'(A'. If  ~ { f 0 , ) .  vEe}>l  then u ( X  and v'EA'. But then uET~, and 
by (4) it follows that ](u')#v", contrary to the assumption that {u', v"}EM. We 
have thus shown that Z { f ( v ) :  vEe}= 1, which is (3b). 

2. Maximal matchable sets in countable hypergraphs 

This seems as an appropriate place to point out a dissimilarity between 
countable graphs and countable hypergraphs, concerning matchability. A set X in 
a hypergraph is matchable if X= UM for some matching M. Steffens [3] showed 
that in any countable graph there exists a maximal matchable set. The following 
example shows that this does not hold in general for hypergraphs, even if the size of  
the edges is finitely bounded. Let A, B, C, D be disjoint sets such that ]A[= IB]= 
=]CI=IDI=R0.  Let f :  A ~ D  and g: B ~ C  be bijections. Let H = ( V , E )  be 
defined by V = A U B U C U D  and 

E = {{a,f(,O}: d}: < c ,  d O}U 

U{{b, g(b), d}: bqB, dED}. 

It is easy to check the tbllowing: 
(a) If  X~=V is matchable then there exists a matchable set Y such that 
yD_XUCUD. 
(b) If  yD=CUD then it is matchable if and only if [Y"x,(AUB)[=R0. 

But there does not exist a maximal set among those containing C U D  and 
omitting countably many vertices from AUB. Hence H does not contain a maximal 
matchable set. 
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